The conventional finite element (FE) method has been used to efficiently obtain phononic dispersion relations for a wide range of geometries and materials. The motive of this research is to draw attention to the research community and addressing that special care should be taken in interpreting the FE results of dispersion analysis for some periodic structures whose FE model possesses an artificial periodicity. Layered composites have been investigated as a representative example to study this numerical issue. Despite the simple geometry of layered composites, it is well known that the accuracy of numerical dispersion relations for waves perpendicular to the layers may be highly impaired by the existence of fictitious modes. The spectral distortion stems from an arbitrarily selected unit cell which causes an artificial finite periodicity in the direction parallel to the composite layers, and they are known to be highly dependent on the unit cell configuration. However, this issue has never been thoroughly investigated, and there has been no specific guideline for a proper unit cell configuration for numerical dispersion relations. In this study, using the classical analytical solution for wave motion in the sagittal plane, the authors show that the spectral distortion induced from the artificial finite periodicity are the manifest results of spatial aliasing in the wavevector domain. In order to prevent the spectral distortion in numerical dispersion relations for waves perpendicular to the layers, this study presents a definitive guideline based on an antialiasing condition and the effective elastic modulus theory for layered composites and demonstrates its validity.
Introduction
The conventional finite element (FE) method has been adopted to efficiently obtain phononic dispersion relations for a wide range of geometries and materials: dispersion relations of homogeneous medium ( Babaee et al., 2015a; Bertoldi and Boyce, 2008b; GuarinZapata and Gomez, 2015; Han et al., 2016; Langlet et al., 1995; Nelson and Navi, 1975; Ungureanu et al., 2016 ) , dispersion relations of layered composites ( Aberg and Gudmundson, 1997; Guarin-Zapata and Gomez, 2015; Minagawa et al., 1981; Naciri et al., 1994 ) , 2-D periodic medium's dispersion relations in the out-of-plane direction ( Bertoldi and Boyce, 20 08a; 20 08b; Li et al., 20 09 ) , 2-D periodic medium's dispersion relations in the in-plane direction ( Bayat and Gordaninejad, 2014; Liu and Gao, 2007; Mousanezhad et al., 2015; Shim et al., 2015; Spadoni et al., 2009; Wang et al., 2013; Xu et al., 2012; Zhang et al., 2016 ) , 3-D periodic medium's dispersion relations ( Babaee et al., 2015b ; Li et al., 2008 Li et al., , 2012 Wang and Bertoldi, 2012 ) , etc. In the last few years, several researchers have been also investigating the effect of nonlinearities on phononic dispersion relations in the conventional FE framework ( Babaee et al., 2015b; Bayat and Gordaninejad, 2014; Mousanezhad et al., 2015; Shim et al., 2015; Wang and Bertoldi, 2012; Wang et al., 2013 ) . For the sake of clarity, we would like to briefly review how the dispersion analysis is typically performed to see the effect of nonlinearities in the community. In general, the analysis is executed in a two-step manner. In the first step, static analysis is performed on an infinitely-periodic structure subjected to external loading. Because this first step is standard static analysis, material and geometric nonlinearities can be easily considered in the conventional FE framework. Secondly, on the deformed structure (at the end of the first analysis) as the base configuration, wave propagation analysis (i.e., eigenvalue analysis) is executed to calculate the dispersion relations of the deformed structure. This second step in nature is linear perturbation analysis. In this twostep manner, researchers have been investigating the evolution of the dispersion relations of various structures, and they found that material and geometric nonlinearities affect phononic band-gaps ( Babaee et al., 2015b; Bayat and Gordaninejad, 2014; Mousanezhad et al., 2015; Shim et al., 2015; Wang and Bertoldi, 2012; Wang et al., 2013 ) .
Despite the above mentioned versatility of the conventional FE method, the motive of this research is to draw attention to the research community and addressing that special care should be taken in interpreting dispersion relations obtained in the conventional FE framework. For the dispersion relations of layered composites, it is well-known that some numerical techniques cause fictitious modes affected by the geometry of an arbitrarily chosen unit-cell (e.g., FE method in Aberg and Gudmundson (1997) ; Guarin-Zapata and Gomez (2015) ; Minagawa et al. (1981) ; Naciri et al. (1994) , variational method in Minagawa and Nemat-Nasser (1977) ). On the other hand, to obtain the dispersion relations of homogeneous medium ( Babaee et al., 2015a; Bertoldi and Boyce, 2008b; Guarin-Zapata and Gomez, 2015; Han et al., 2016; Langlet et al., 1995; Nelson and Navi, 1975; Ungureanu et al., 2016 ) and 2-D periodic medium's dispersion relations in the out-of-plane direction ( Bertoldi and Boyce, 20 08a; 20 08b; Li et al., 20 09 ) , an artificial periodicity was arbitrarily introduced in the conventional FE framework. However, researchers are not even aware of the possibility of the fictitious modes in the numerically obtained dispersion relations. In the community working on wave finite element (WFE) method ( Mace and Manconi, 2008; Manconi, 2008 ) , these spurious branches in the dispersion relations of composite medium have been investigated and a solution to the numerical issue has been also proposed. However, in the community adopting the conventional FE method for dispersion analysis, there has been no report investigating the origin of this spectral distortion. Thus, we considered layered composites as a representative example to study the origin of the spectral distortions.
Layered composites have been widely adopted for various applications including thermal conductivity controllable materials ( Lee et al., 1997; Pernot et al., 2010 ) , tunable piezoelectric materials ( Wang et al., 2014 ) and nano-structured polymer layers ( Cheng et al., 2008 ) . In particular, wave propagation in layered composites has been an interesting subject in engineering mechanics, so many aspects of the problem have been analytically investigated. For instance, the analytical dispersion relations of layered composites have been obtained for several limiting cases such as elastic wave propagation perpendicular to the layers ( He et al., 1988; Lee and Yang, 1973 ) , parallel to the layers ( Sun et al., 1968b ) and both parallel and perpendicular to the layers ( Brekhovskikh, 1980; Rytov, 1956 ) . Moreover, these studies have significantly contributed to the emergence of innovative materials for acoustic waveguide ( Saini et al., 2011 ) and acoustic rectifier ( Liang et al., 2010 ) .
In parallel with analytical studies, several numerical approaches have been introduced to investigate wave motion of various types of periodic composites. Numerical techniques for obtaining phononic dispersion relations include the continuum power series method ( Hegemier and Bache, 1974; Hegemier and Nayfeh, 1973 ) , the effective stiffness method ( Herrmann and Achenbach, 1967; Sun et al., 1968a ) , the mixture theory ( Murakami, 1985; Murakami and Akiyama, 1985; Murakami et al., 1979 ) , the plane wave expansion method ( Zhao and Wei, 2009 ), the finite difference method ( Mukherjee and Lee, 1978 ) , the variational method ( Kohn et al., 1972; Nemat-Nasser, 1972 ) and the conventional FE method ( Aberg and Gudmundson, 1997 ) . All these numerical techniques provide dispersion relations for mechanical waves propagating within layered composites.
However, despite the simple geometry of layered composites (shown in Fig. 1 A) , the results of some numerical techniques (including the conventional FE method) for phononic dispersion relations for wave propagation perpendicular to the layers should be carefully interpreted. It is well known that the accuracy of numerical analysis is highly impaired by the existence of fictitious modes ( Aberg and Gudmundson, 1997; Guarin-Zapata and Gomez, 2015; Minagawa and Nemat-Nasser, 1977; Minagawa et al., 1981; Naciri et al., 1994 ) . It is obvious that structural 1-D elements (e.g., truss or beam elements) are not suitable for the analysis of layered composites. In order to model layered composites in a 1-D setting in the conventional FE framework, one needs an element having an infinite length in the direction parallel to the layers (i.e., x 1 direction in Fig. 1 A) and a finite length in the direction perpendicular to the layers (i.e., x 3 direction). However, all the commercial FE software (e.g., ABAQUS, COMSOL, ANSYS, LS-DYNA, etc.) offers infinite elements in 2-D or 3-D settings, which have intrinsic finite length-scale along the x 1 direction. Thus, it is not possible to model layered composites in the ideal 1-D setting in the conventional FE framework. Instead, in the research community, a 2-D setting under the plane strain condition has been generally employed together with a periodic boundary condition in both directions (i.e., x 3 as well as x 1 ). Furthermore, this constraint is not limited to the conventional FE method. For example, a variational method employed in Minagawa and NematNasser (1977) also suffers the same limitation, and the dispersion analysis of layered composites are obtained in a 2-D setting using a rectangular unit cell in 2-D space. For instance, Fig. 1 D illustrates numerical dispersion relations calculated in the conventional FE framework, and it shows some wave modes (marked by solid lines) which are not expected from the corresponding analytical solution in Fig. 1 C. The appearance of those fictitious modes are known to be highly affected by the aspect ratio of the selected unit cell for the considered layered composites ( Aberg and Gudmundson, 1997; Guarin-Zapata and Gomez, 2015; Minagawa and NematNasser, 1977; Minagawa et al., 1981; Naciri et al., 1994 ) . In order to avoid the spectral distortion, just a thin unit cell is suggested to be employed. However, this issue has never been thoroughly investigated in the community adopting the conventional FE method for dispersion analysis, and there has been no specific guideline for a proper unit cell configuration for numerical dispersion relations.
Therefore, for wave propagation perpendicular to the layers, the objectives of this study is to systematically investigate the origin of spectral distortion in numerical dispersion relations obtained in the conventional FE framework and to provide a definitive guideline to exclude those fictitious modes for a frequency range of interest. Through this study, we remind that special care should be taken in interpretation dispersion relations obtained in the conventional FE framework. In order to achieve these objectives, we first re-visit the analytical dispersion relations for coupled in-plane waves (so-called sagittal waves) in layered composites. Then, the analytical approach is employed to identify the origin of the fictitious modes in dispersion relations for wave propagation perpendicular to the layers. Furthermore, for a frequency range of interest, we suggest a specific guideline for a proper unit cell configuration and demonstrate the soundness of the suggestion.
Method of analysis
It is widely known that sampling a continuous signal at discrete but equally spaced instants of time causes fictitious frequencies in the corresponding spectral domain due to the act of discretization. This spectral distortion is called temporal aliasing, and it occurs when a discrete Fourier series is employed for approximating a continuous periodic function ( Newland, 1993 ) . Temporal aliasing is a well-known issue in signal processing, and it can be avoided if the sampling frequency is at least twice as large as the highest frequency contained within the continuous signal (or the highest frequency of interest). This principle is called the Nyquist theorem ( Newland, 1993 ) , and it determines a proper sampling time interval ( t ) for the highest frequency of interest ( ω max ):
In this study, we investigate the occurrence of fictitious modes observed in the numerical dispersion relations of layered composites (i.e., 1-D phononic crystals) using the concept of spatial aliasing, which is analogous to temporal aliasing. Note that for waves parallel to the layers Mace and Manconi (2008) ; Manconi (2008) investigated spatial aliasing to study spectral distortions in the dispersion relations obtained from the WFE method. In the conventional FE framework, the phononic dispersion analysis of wave propagation perpendicular to the composite layers requires the use of a rectangular unit cell in a 2-D coordinate space. Although the properties of layered composites are continuous in the direction parallel to the layers (i.e., the x 1 -axis in Fig. 1 A) , the 2-D modeling for a unit cell in the conventional FE procedure introduces spatial discretization in the x 1 -axis, eventually causing fictitious modes in the corresponding wavevector domain (i.e. along the κ 1 -axis). This study will demonstrate that the fictitious modes observed in numerical dispersion relations are the results of spatial aliasing in the wavevector domain.
This section contains cornerstones required to examine the origin of the numerical spectrum distortion in dispersion relations for wave motion perpendicular to the layers. The fundamentals of wave motion in phononic crystals are presented at first, and then they are followed by analytical dispersion solutions and numerical implementation procedure in the conventional FE framework.
Wave motion in 2-D phononic crystals
In this study, 2-D phononic crystals defined in the x 1 − x 3 plane (see Fig. 1 A) are considered because a rectangular unit cell is employed in the numerical dispersion analysis of layered composites.
2-D crystal lattice and the reciprocal lattice
For an infinitely periodic lattice spanning in the 2-D coordinate space, the corresponding Bravais lattice is described by a parallelogram with primitive lattice vectors a 1 and a 3 . Any spatially periodic function υ(x ) is characterized by:
where x denotes spatial position vectors in the x 1 − x 3 plane, and r is a set of the lattice vectors defined by: r = r a 1 a 1 + r a 3 a 3 (3) with arbitrary integers r a 1 and r a 3 . Here, the function υ(x ) is called r -periodic. One of the most commonly employed primitive unit cells is the Wigner-Seitz unit cell, which is defined by the region of space that is closer to a considered lattice point than any other lattice points ( Ashcroft and Mermin, 1976 ) .
The periodic function υ(x ) can be expanded by using the complex Fourier series:
where g denotes a set of the reciprocal lattice vectors, and ˆ υ g represents the Fourier coefficients. In (4) , the sum is over all reciprocal lattice vectors g , which constitutes the reciprocal lattice of the given Bravais lattice. Here, the reciprocal lattice vectors g can be defined by:
where g b 1 and g b 3 are arbitrary integers, and the primitive reciprocal lattice vectors b 1 and b 3 can be described by:
with the Euclidean norm · and ˆ e 2 =
Note that any wavevector κ in the reciprocal space (e.g., the κ 1 − κ 3 plane in Fig 
where represents any primitive unit cell and | | denotes the area of the primitive unit cell. The Wigner-Seitz unit cell of the reciprocal lattice is called the first Brillouin zone. For the rectangular unit cell of layered composites, the first Brillouin zone is illustrated as the topmost rectangle delineated by a solid line in Fig. 1 B. If the first Brillouin zone is invariant under certain rotational or mirror reflectional transformations, it can be further reduced by all of the symmetries in the point group of the reciprocal lattice. The reduced zone is referred as the first irreducible Brillouin zone (IBZ) (see Fig. 1 B) .
Discrete Fourier transform and spatial aliasing
Let χ( x ) be an unknown continuous spatial function in the 2-D coordinate space. Assume that only regularly spaced N 1 × N 3 data are available in a sampled region x 1 ∈ 0 , (N 1 − 1) x 1 and x 3 ∈ 0 , (N 3 − 1) x 3 , and the discrete series { χ[
. In this case, the Fourier coefficients ˆ χ g of the unknown continuous function χ( x ) may be approximated by the summation ( Bracewell, 2003 ) :
which is called the discrete Fourier transform (DFT) of the series
Since there are only a finite number of data points, the DFT treats the data as if they were periodic, resulting in the discrete values of ˆ 
The equally spaced discrete data χ[ p 1 , p 3 ] in the coordinate space engender the periodicity of the DFT coefficients:
where l 1 and l 3 are arbitrary integers. Furthermore, if χ( x ) is a real-valued function, its DFT coefficients are conjugate symmetric with respect to the origin:
where * denote the complex conjugate. Therefore, the DFT coefficients ˆ χ[ q 1 , q 3 ] are the only correct Fourier coefficients for the wavevector domain of κ 1 ∈ (0, π / x 1 ) and κ 3 ∈ (0, π / x 3 ), which coincides to the first Brillouin zone. In particular, due to the periodicity of the DFT in (10) , there are infinitely many aliases of the true spectrum in the wavevector domain.
If the original continuous function χ( x ) contains wavevector components beyond the wavevector domain of κ 1 ∈ (0, π / x 1 ) and κ 3 ∈ (0, π / x 3 ), the DFT coefficients will be corrupted and this numerical phenomenon is called spatial aliasing ( Bracewell, 2003 ) . The high wavevector components contribute to the χ[ p 1 , p 3 ] series, and falsely distort the DFT coefficients within in the wavevector domain of κ 1 ∈ (0, π / x 1 ), κ 3 ∈ (0, π / x 3 ). Since spatial aliasing occurs due to the discretization which are not sufficiently small to represent high-wavenumber components present in the continuous function, the solution is to increase the sampling rate. Now, consider the rectangular unit cell of a 1 × a 3 employed for the dispersion relations of a layered composite shown in Fig. 1 A, where a 1 = a 1 and a 3 = a 3 . The sampling with x 3 = a 3 in the direction perpendicular to the layers is small enough to capture the highest κ 3 component κ 3 , f = π /a 3 of wave motion in the layered composite. However, due to the continuous properties of the layered composite in the direction parallel to the layers, the sampling with x 1 = a 1 is not sufficiently small to capture infinitely large κ 1 components. Eventually, this coarse spatial discretization in the x 1 -axis induces the artificial 2 π / a 1 -periodicity along the κ 1 -axis of the wavevector domain and the calculated spectral behavior is distorted by the existence of the high-wavenumber components from an infinite number of aliasing zones of the first Brillouin zone (see Fig. 1 B) . For instance, the wavevector path denoted by − X has an infinite number of aliasing paths, i.e.,
Bloch theorem
The Bloch theorem states that elastic wave motion with a wavevector κ (i.e., u = e i κ·x ) within a r -periodic structure must satisfy the Bloch-periodic condition ( Ashcroft and Mermin, 1976 ) :
From the Bloch-periodic condition, the elastic wave motion within the r -periodic structure is also found to be g -periodic in the reciprocal lattice space ( Ashcroft and Mermin, 1976 ) :
which indicates the g -periodicity of the eigenvalue frequency ω of the considered periodic structure. Thus, only a subset of the wavevector domain is sufficient to be considered for obtaining the phononic dispersion relations of periodic structures, and it is a common practice to consider only wavevectors on the boundaries of the first IBZ ( Maldovan and Thomas, 2009 ).
Analytic dispersion relations
Wave motion in 3-D elastic solids consists of two basic types of waves: P-wave (pressure wave) and S-wave (shear wave). Here, Swaves polarized in the horizontal and vertical planes are classified as SH-wave and SV-wave, respectively. The motion of P-and SVwaves are generally coupled, and the plane in which both waves propagate is referred as the sagittal plane. On the other hand, the motion of SH-wave is independent of the sagittal plane waves ( Graff, 1991; Rouhani et al., 1983 ) . For wave propagation perpendicular to the composite layers, the distinction between two shear waves disappears and P-and S-waves become uncoupled. Thus, in order to investigate wave motion in the plane including the direction perpendicular to the layers, it is sufficient to consider the sagittal plane waves. This subsection briefly reviews the analytical dispersion relations for waves in the sagittal plane as well as for waves perpendicular to the layers.
Consider an infinitely periodic layered composite, whose period in the x 3 -axis is a 3 (see Fig. 1 
Waves propagation perpendicular to composite layers
Several references ( He et al., 1988; Lee and Yang, 1973; Rytov, 1956 ) can be found for the detail derivation of the analytical dispersion relations for wave motion perpendicular to the layers, but here we provide only a brief summary of the transfer matrix method. Due to the complex nature of the equation of motion in layered composites, the displacement field u is resolved into the sum of the contribution from a dilatation-related scalar potential and the contribution from a rotation-related vector potential H using Helmholtz's decomposition, u = ∇ + ∇ × H with ∇ · H = 0 ( Graff, 1991 ) . Now, the dispersion relations can be obtained by pursuing the conditions under which the plane waves represented by harmonic potentials may propagate in layered composites. By introducing local coordinates x n 3 and x n 3 in the n -th unit cell for Materials 1 and 2, respectively, the displacements of wave motion perpendicular to the layers can be represented by:
for Material 1 and:
are the unknown constants to be determined from the continuous boundary conditions of the displacements and stresses at interfaces. Applying the Bloch-periodic condition (12) , one can simultaneously obtain two decoupled eigenvalue problems for pressure and shear waves.
As an illustration, the application of the continuous boundary conditions for pressure wave motion gives ( He et al., 1988 ) : 
Here, T 1 is the transfer matrix for pressure wave motion perpendicular to the layers. By applying the Bloch-periodic boundary condition between adjacent unit cells (12) :
one can obtain an eigenvalue problem for the pressure wave motion:
where e iκ 3 a 3 and W n are the eigenvalue and the eigenvector of T 1 , respectively. By solving this eigenvalue problem, the dispersion relations for pressure wave propagation perpendicular to the layers is analytically obtained: 
Both (21) and (22) constitute the closed form solution of the phononic dispersion relations for wave motion perpendicular to the composite layers.
Waves propagation at arbitrary angle in the sagittal plane
This subsection briefly revisits the analytical dispersion relations of layered composites for the sagittal plane waves, which can be found in several references ( Nougaoui and Rouhani, 1987; Rouhani et al., 1983; Sapriel and Rouhani, 1989 ) . As mentioned in Section 2.2.1 , the first step is to apply Helmholtz's decomposition to obtain a representative form for the displacement field u . Unlike wave motion perpendicular to the layers, the displacement field in the sagittal plane (i.e., the x 3 − x 1 plane) is now a function of x 1 , x 3 and t . Thus, the dispersion relations in the sagittal plane should be determined in the κ 3 − κ 1 wavevector space, resulting in a 3-D plot (i.e., ω over the κ 3 − κ 1 plane). Considering the symmetry of layered composites, the valid range for the κ 1 -axis is (0, ∞ ) while κ 3 should range over (0, π / a 3 ) which is the true first IBZ.
Instead of pursuing a numerical solution for the phononic dispersion relations in the sagittal plane, Rouhani et al. (1983) presented a semi-analytical approach by solving the governing equations with boundary conditions at a given κ 1 . By sweeping κ 1 , the complete picture of the dispersion relations can be obtained. So, for a given κ 1 value, the n -th unit cell displacement in the sagittal plane (i.e., x 3 − x 1 plane) can be expressed by:
determined through the governing equations of motion, and α L and α T are also similarly defined using the properties of Material
and B n T can be determined by employing the continuous displacement and stress boundary conditions at interfaces.
After applying the continuous boundary conditions for the displacements and stresses at interfaces ( Rouhani et al., 1983 ) , one can obtain a relations where pressure and shear waves are coupled:
, and S T are defined using the properties of Material 2. Here, the transfer matrix T 2 determines the relation between the coefficient vectors ( V n and V n +1 ) of adjacent unit cells in the sagittal plane. Furthermore, the Blochperiodic condition (12) also relates wave motion between adjacent unit cells:
Eventually, combining (25) and (30) , one can obtain the eigenvalue problem of wave motion in the sagittal plane for a given κ 1 :
For a fixed value of κ 1 , this eigenvalue problem can be numerically solved for κ 3 and ω using (A.6) . By sweeping κ 1 within the range of (0, ∞ ), the complete picture of dispersion relations for the sagittal plane waves can be determined over the κ 3 − κ 1 plane. Note that the analytical dispersion relations (21) and (22) can also be obtained by solving (31) with κ 1 = 0 , and its procedure is briefly given in the Appendix .
Numerical dispersion relations in the conventional FE framework
To calculate the dispersion relations ω = ω( κ) within the conventional FE framework, the Bloch-periodic conditions (12) should be applied to the boundaries of the considered unit cell model. In order to work with the complex-valued relations of the Blochperiodic conditions in a commercial FE software ABAQUS/Standard, all fields of the considered FE model are split into real and imaginary parts. In this way, the equilibrium equations are divided into two sets of uncoupled equations for the real and imaginary parts ( Aberg and Gudmundson, 1997; Shim et al., 2015 ) . In practice, two identical FE meshes for the unit cell (i.e., one for the real part and the other for the imaginary part) are coupled through the decomposed Bloch-periodic displacement boundary conditions:
where the subscripts α and β are two nodal points periodically located on the boundaries of the unit cell, and the superscripts re and im denote the real and the imaginary part of the displacement field, respectively. In addition, r αβ = x β − x α represents the distance between two nodal points denoted by α and β. Note that (32) is implemented in ABAQUS/Standard using a user defined subroutine MPC [ ABAQUS ] . For a given κ within the considered range of the wavevector domain, the corresponding frequencies ω are calculated by performing an eigenfrequency analysis in ABAQUS/Standard. The eigenfrequencies associated with each wavevector are then plotted in the dispersion diagram.
Results
This section describes the details of the materials and geometries for the considered layered composite, and reports its numerical and analytical dispersion relations.
Material and geometry
In order to investigate the origin of the spectral distortion observed in numerical dispersion relations, we choose a layered composite consisting of alternating layers of steel ( d = 0 . 8 mm ) and aluminum ( d = 0 . 2 mm ). Thus, the period of the composite layers in the x 3 -axis is a 3 = d + d = 1 mm . Steel is assumed to have the mass density of ρ = 7800 kg/m 3 , and the isotropic elastic properties of λ = 121 . 2 GPa and μ = 80 . 8 GPa . In addition, aluminum is assumed to have ρ = 2700 kg/m 3 , λ = 51 . 1 GPa and μ = 26 . 3 GPa .
The emergence of the fictitious modes is investigated by varying the aspect ratio of a 1 / a 3 in the considered unit cell, where a 1 is the length of the unit cell in the x 1 -axis. For the given a 3 = 1 mm, this study considers three different unit cell configurations: a 1 /a 3 = 2 . 0 , a 1 /a 3 = 1 . 0 and a 1 /a 3 = 0 . 5 . Their geometries and corresponding Brillouin/aliasing zones are shown in Figs. 2 A, 3 A and 4 A. In all the FE analyses, plane strain conditions are assumed and the 2-D models are constructed using 4-node bilinear plane strain elements (CPE4R elements in ABAQUS). A series of mesh refinement studies is preformed to assure the independency of numerically obtained dispersion relations on mesh sizes, and the mesh size of 0.025 a 3 is determined to ensure the convergence of the FE simulations.
Numerical dispersion relations
To clearly demonstrate the effect of the aspect ratio a 1 / a 3 on the appearance of fictitious modes, the same vertical axis limit (i.e., frequency limit) of ω = 2 . 1 is employed in Figs. 2 -4 . Firstly, for the unit cell having the aspect ratio of a 1 /a 3 = 2 . 0 , Fig. 2 B presents the results of the numerical dispersion analysis performed in the conventional FE framework, whose procedure is briefly described in Section 2.3 . In this figure, the lines with dots are the desired dispersion relations for waves perpendicular to the layers, but in the conventional FE framework they cannot be separated from unwanted (i.e., fictitious) modes denoted by solid lines. Note that the modes denoted by the lines with dots are identified after comparing the FE solutions with the analytical solutions from (21) and (22) . It is observed that fictitious modes from the FE analysis appear around the normalized frequency of ω = ωa 3 / (2 π c s ) = 0 . 5 .
Similarly, the numerical results of dispersion analysis with the unit cells of a 1 /a 3 = 1 . 0 and 0.5 are described in Figs. 3 B and 4 B, respectively. Fictitious modes from the FE analysis with a 1 /a 3 = 1 . 0 appear above ω = 1 . 0 (see Fig. 3 B) , and ones with a 1 /a 3 = 0 . 5 emerge around ω = 2 . 0 (see Fig. 4 B) . For the case of a 1 /a 3 = 0 . 5 , note that fictions modes along − X appear around ω = 4 . 0 , which reside outside of the vertical axis limit of ω = 2 . 1 . Hence, Fig. 4 does not include the dispersion relations along − X , which will be an empty graph having the limit of ω = 2 . 1 . These numerical results illustrate again that special care should be taken in interpreting the FE results of dispersion analysis for waves perpendicular to the layers. In addition, it is clear that fictitious modes start to appear at higher frequencies as the aspect ratio a 1 / a 3 decreases. This is why many researchers have been employing a thin unit cell, which is just a phenomenologically driven guideline ( Aberg and Gudmundson, 1997; Minagawa and Nemat-Nasser, 1977; Minagawa et al., 1981 ) .
Spatial aliasing and analytical dispersion relations
The spatial discretization by using a rectangular unit cell of a 1 × a 3 entails the artificial 2 π / a 1 -periodicity in the κ 1 -axis of the wavevector domain. The aliases of the true phononic dispersion relations appear due to the 2 π / a 1 -periodicity, and the spectrum are now symmetrical around a multiple of π / a 1 in the κ 1 -axis. This symmetry is commonly referred as zone folding ( Brillouin, 1946 ) , and the folding wavenumber κ 1, f is defined as:
However, wave motion in layered composites contains infinitely large κ 1 components. This fact can be verified by the analytical solution of the sagittal plane waves (described in Section 2.2.2 ), which enables us to identify the dispersion relations of layered composites at a specific wavevector path. Figs. 5 A and 5 B illustrate the analytical dispersion relations in the direction parallel to the layers by setting κ 3 = 0 and π / a 3 , respectively. From these figures, it is clear that the numerically unreachable dispersion relations for κ 1 ≥ κ 1, f contribute to the true spectral behavior in the first Brillouin zone, and distort the dispersion relations of layered composites. In other words, the FE analysis results shown in Figs. 2 B, 3 B and 4 B are composed of the true dispersion relations along − X (i.e., first Brillouin zone) and the contributions from aliases along − X (i.e., first aliasing zone), − X (i.e., second aliasing zone), etc.
By exploring κ 1 values in the sagittal plane wave solution, one can calculate the contribution from the aliases due to the discretization in the x 1 -axis. Firstly, Fig. 2 C presents the sagittal plane wave solutions in order to compare them with the FE results using the unit cell having a 1 /a 3 = 2 . 0 . The three subfigures in Fig. 2 C show the analytical results at three different κ 1 values (i.e., κ 1 = 0 , 2 κ 1, f and 4 κ 1, f ), which correspond to a multiple of 2 κ 1, f . In a specific way, Fig. 2 C-1 is obtained by solving (31) with κ 1 = 0 , which corresponds to the path defined by − X shown in Fig. 2 A. Note that the analytical results shown in Fig. 2 C-1 are the dispersion relations that the conventional FE method fails to provide. Subsequently, the sagittal wave solutions of (31) at κ 1 = 2 κ 1 , f (i.e., − X ) and 4 κ 1, f (i.e., − X ) are presented in Figs. 2 C-2 and 2 C-3, respectively. Now, Fig. 2 D shows the projection of all the analytical dispersion relations calculated at κ 1 = 0 , 2 κ 1, f , 4 κ 1, f , 6 κ 1, f , etc. onto the κ 3 − ω plane of the dispersion relations diagram. For each mode in Fig. 2 B which are calculated in the conventional FE framework, one can identify the corresponding semi-analytical sagittal plane wave mode shown in Fig. 2 D. Thus, by observing the identical results from Figs. 2 B and 2 D, we indeed find that the fictitious modes in the dispersion relations are the contribution from the aliasing paths (i.e., − X , − X , etc.) of the first Brillouin zone path (i.e., − X).
In the same way, the analytical dispersion analysis with the unit cell having the aspect ratios of a 1 /a 3 = 1 . 0 and 0.5 are also summarized in Figs. 3 C/D and 4 C/D, respectively. Again, we find that the fictitious numerical modes calculated in the conventional FE framework are the contribution from the aliasing path of the first Brillouin zone path − X. In summary, using the analytical solution for the sagittal plane waves, we demonstrate that the fictitious 
Discussion
In order to improve the numerical prediction of wave motion in various types of layered medium, many effort s have been made in the computational mechanics community. The WFE method ( Duhamel et al., 2006; Houillon et al., 2005; Mace and Manconi, 20 08; Manconi, 20 08; Mencik and Ichchou, 2007; Waki et al., 2009 ) and the semi-analytical finite element (SAFE) method ( Bartoli et al., 2006; Gavri ć, 1994; Hladky-Hennion, 1996; Lagasse, 1973; Mukdadi and Datta, 2003 ) are developed to exactly represent wave motion along the direction parallel to the layers. Furthermore, both numerical techniques can be extended to obtain the dispersion relations of waves perpendicular to the layers without fictitious modes. In particular, Manconi ( Manconi, 2008 ) extensively investigated the various aspects of spectral distortions in the dispersion relations obtained from the WFE method. The distortions induced by spatial aliasing found to originate from various sources such as the mesh dimensions, the direction of wave propagation and the aspect ratio of the unit cell. Through an extensive study with a wide range of mesh sizes and aspect ratios, all the fictitious modes were identified and the sensitivity of fictitious modes to model discretization was also analyzed in the WFE method. In this section, recalling the origin of spectral distortions in the dispersion relations obtained from the conventional FE method, we expect that researchers using the conventional FE method for dispersion analysis are alerted to the potential spectral distortions in the numerical results. The dispersion relations of layered composites for waves perpendicular to the layers can be obtained from the sagittal plane wave solution along the path defined by κ 1 = 0 and κ 3 ∈ (0, π / a 3 ) (i.e., the wavevector path − X in Figs. 1 B) . Section 3.3 reveals that spatial discretization with x 1 = a 1 induces the symmetry along the folding wavenumber κ 1, f , beyond which the numerical dispersion relations cannot be obtained. Consequently, spectral distortion induced by spatial aliasing occurs at an infinite number of the aliasing paths which are located at a multiple of 2 κ 1, f in the κ 1 -axis, i.e., κ 1 = 2 κ 1 , f , 4 κ 1, f , 6 κ 1, f , etc.
This idea leads to an anti-aliasing condition: numerical dispersion relations for waves perpendicular to the layers is valid before the first appearance of the fictitious modes:
where κ 1 , max is the maximum wavenumber that the numerical dispersion relations can be valid up to. It is worthwhile to mention that the anti-aliasing condition (29) is rather different from Petersen-Middleton theorem ( Petersen and Middleton, 1962 ) , which is a generalization of the Nyquist theorem in the wavevector domain (1) . In order to prevent spatial aliasing over a certain wavevector range of interest (say, κ 1 ∈ (0, κ 1, f )), the PetersenMiddleton theorem provides a proper sampling spatial inter-
However, for the case of the dispersion relations of layered composites, the anti-aliasing condition (34) prevents only the spatial aliasing of the true spectrum at
Practically, the anti-aliasing condition (34) can be used to determine a proper unit cell size a 1 prior to FE analyses, if there is a highest wavenumber of interest κ 1, max (or, the smallest wavelength of interest: λ 1 , min = 2 π /κ 1 , max ). If the condition (34) is satisfied, the discretized spatial information (i.e., numerical dispersion relations using a 1 ) can satisfactorily represent the spectral behavior of the continuous periodic spatial function up to the smallest wavelength of interest. In other words, as long as the unit cell configuration meets the criterion (34) , the employed FE model is adequate to capture the spectral behavior of layered composites subjected to a harmonic excitation with a long wavelength, which is greater than λ 1 , min .
This argument about spatial aliasing naturally leads to the effective modulus theory for dynamic problems of layered composites ( Postma, 1955; Rytov, 1956 ). In the effective modulus theory, a layered composite is assumed to behave as a transversely isotropic continuum as long as the layer thicknesses are sufficiently small compared to the wavelength of a harmonic excitation. The five independent effective elastic moduli corresponding to the considered layered composite can be obtained within the framework of statics ( Postma, 1955 ) or dynamics ( Rytov, 1956 ) . Moreover, propagation velocities obtained from those effective elastic moduli characterize wave motion in layered composites. If the wavelength of a harmonic excitation is smaller than λ 1 , min (or, if the wavenumber of a harmonic excitation is larger than κ 1 , max ), the effective modulus theory applied in the sagittal plane deviates from the true wave Note that these graphs show that wave motion in layered composites contains infinitely large κ 1 components. Moreover, the dotted lines denote the linear approximation for the frequency-wavenumber relation based on the effective modulus theory. motion beyond a frequency ω 1 , max :
where the effective shear wave velocity c s in the sagittal plane is defined using the effective mass density ρ and the effective elastic constant c 44 as:
Here, the bar notation · denotes the effective quantities of the considered layered composite. Note that (35) employs the effective shear wave velocity because the lowest fictitious wave modes always comes from shear waves rather than from pressure waves ( Sun et al., 1968b ) . Moreover, for the direction parallel to the layers (i.e., κ 3 = 0 and π / a 3 ), the dotted lines in Fig. 5 show the linear frequency-wavenumber relation based on the effective modulus theory. Now, combining the anti-aliasing condition (34) and the limit condition for the effective elastic modulus theory (35) , one can determine an adequate unit cell size a 1 for the highest frequency of interest ( ω 1 , max ):
By paraphrasing, the numerical dispersion relations employing a unit cell of a 1 × a 3 for the layered composite shown in Fig. 1 (38) For the three different unit cell configurations considered in Section 3 , the suggested guideline (38) is illustrated in Figs. 2 D, 3 D and 4 D, where the maximum valid frequency ω 1 , max are denoted by a black horizontal line with squares. For the considered unit cell configurations, it is observed that all the fictitious modes from spatial aliasing are located above the maximum valid frequency ω 1 , max from (38) . Furthermore, the frequency limit suggested by (38) is conservative because the 'true' shear wave velocity in layered composites is getting larger than the 'effective' shear wave velocity as the wavenumber κ 1 increases ( Sun et al., 1968b ) (38) based on the antialiasing condition and the effective modulus approach, and one can employ the guideline to determine a proper unit cell configuration for numerical dispersion relations for waves perpendicular to the composite layers.
Lastly, it needs to be mentioned that our proposed linear guideline is valid for the cases where researchers investigate the evolution of dispersion relations during nonlinear deformation. As mentioned in Section 1 , the evolution of dispersion relations has been typically investigated in a two-step manner: static analysis in the first step and linear perturbation analysis in the second step. The results of our study contribute to the second step. In other words, the base configuration for the linear perturbation analysis is affected by the nonlinear static analysis, but the linear perturbation analysis to calculate dispersion relations is not affected. Thus, the aliasing guideline proposed in the linear context is still valid as long as elastic modulus is replaced by tangent modulus and the initial aspect ratio of an unit-cell is updated by the deformed aspect ratio.
Conclusion
In this paper, layered composites have been investigated as a representative example to study potential spectral distortion in dispersion relations obtained in the conventional FE framework. We have discussed and resolved the long standing issue of the spectral distortions induced by an artificial periodicity in the FE model of layered composites. Using the analytical solution for the sagittal plane waves, the fictitious modes induced from artificial finite periodicity in the direction parallel to the layers are proven to be spatial aliasing in the wavevector domain. In order to remove the spatial aliasing-induced fictitious modes in numerical dispersion relations for waves perpendicular to the layers, we propose the definitive guideline for a proper unit cell configuration. The guideline is based on the anti-aliasing condition and the effective elastic modulus theory for layered composites, and its validity is demonstrated. This study focuses on numerical spectral distortion observed in the conventional FE framework. However, its origin and the suggested guideline is universal, so they can be adopted for other numerical techniques where special discretization has to be employed for the modeling of layered composites. Furthermore, a similar type of numerical spectral distortions can be potentially observed in the dispersion relations of periodic structures whose FE model possesses an artificial periodicity. Thus, we expect that researchers using the conventional FE method for dispersion analysis are alerted to the potential spectral distortions in the numerical results.
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